LIMITS Problem Sheet

Limits
Assignment
22 2
1. A vertical line passing through the point (h,0) intersects the ellipse T + 3= 1 at the points P and

Q. Let the tangents to the ellipse at P and @ meet at the point R. If A(h) is the area of triangle PQR,
8
Al = max1/2§h§1 A(h) and AQ = minl/zghgl A(h), then 7A1 - 8A2 =

V5
2. ForaeR, a#—1,
lim 19420 4 ... 4 no 1
n—00 (n+ 1) 1(na+ 1) + (na+2) +---+ (na+n)] ~ 60’
Then a =
(A)5 (B) 7
15 17
= D) ——
(©) -5 (D) -5

3. The largest value of the non-negative integer a for which

1—x

. {—aa:—i—sin(x—l)—i—a}lﬂ 1
lim - = —
x+sin(z—1)—1

4

rz—1
is
4. Let m and n be two positive integers greater than 1. If

cos(a™)
T ————

— e e
a—0 a™ 2’

then the value of m s
n

1
5. Let f: R — R be a continuous odd function which vanishes exactly at one point, and f(1) = 5

Suppose that

Fa)= [ fd G = [ tlrr@)]d

. F(x) 1 1\ .
for all z € [-1,2]. If J£l_>1fn1 Glz) 7R then the value of f(2> is

6. Let f:(0,00) — R be a differentiable function such that f'(x) = 2 — f(;)

f(1) # 1. Then

for all x € (0,00) and

o 1) o  r(2) -
(C) lir(r)l+ 22 f'(x) =0 (D) |f(x)] <2 forall z € (0,2)
22 sin(Bx)

7. Let a, 8 € R be such that lim

z—0 xr — sinx

= 1. Then 6(c + ) equals
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8. Let

for all x > 0. Then

(A) f@) > £(1) (B) f(é) = f(zza)
(C) F(2) <0 (D) ilfii & J}/g))

9. Let f:R — (0,00) and g : R — R be twice differentiable functions such that f” and g” are continuous
functions on R. Suppose f'(2) = ¢(2) =0, f”(2) # 0 and ¢'(2) # 0. If

f(@)g(x)

2 @)y (@)

then
(A) f has a local minimum at z = 2 (B) f has a local maximum at z = 2
(C) f"(2) > f(2) (D) f(x) — f"(x) =0 for at least one z € R

10. Let f: R — R be a differentiable function such that f(0) =0, f(g) =3and f/(0)=1. If

w/2
g(x) = /x [f'(t) cosect — cot t cosect f(t)] dt

™ . B
for z € <0, 2}, then ili}% glz)=__ .

1—z(14+1|1- 1
11. Let f(x) = x(l +| | z) cos<1> for z # 1. Then
g _
(A) lim f(z)=0 (B) lim f(z) does not exist
z—1— z—1-
(C) lim f(z)=0 (D) lim f(x) does not exist
z—1+ z—1t

12. For each positive integer n, let

Yn = %((nJr H(n+2)--- (n+n))1/”_

For z € R, let [z] be the greatest integer less than or equal to z. If li_>m Yn, = L, then the value of [L] is
n—0o0
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13. For any positive integer n, define f, : (0,00) — R as

- _ 1
fn(x):jzz:ltan 1(1+(a:+j)(x+j—1)>’ z € (0,00).

1

Here, tan™" z assumes values in (—g, ;T) Which of the following statement(s) is (are) true?

5
(A) 3 tan?(f5(0)) = 55
j=1
10
(B) S_(L+ f1(0)) sec®(;(0)) = 10

=1

(C) For any fixed positive integer n, xhﬁrr;() tan(fp(z)) =

= 3.\*—‘

(D) For any fixed positive integer n, ILm sec?(fn(z)) =
T—>00

14. Let f:(0,7) — R be a twice differentiable function such that

lim f(z)sint — f(t)sinx
t—x t—x

=sin?z  for all z € (0, ).

If f T —1, which of the following statement(s) is (are) true?
6 12

A f(5) =" B T 2% forallae (0
()f<4>—4\/§ ()f(x)<€—m or all z € (0,7)
(C) There exists a € (0,7) such that f'(a) = 0. (D) f”(; + f(;) =0

15. For non-negative integers n, let

o (k+1 ) , (k+2 )
ZSIH 271' Sin 7271'
_ k=0 n + n -+
()
ZSIH 271'
=0 n+

Assuming cos™! x takes values in [0, 7], which of the following options is/are correct?

f(n)

(B) If a = tan(cos™! f(6)), then a® +2a — 1 = 0.

(C) sin(7cos™t f(5)) =0

DN |

(D) lim f(n) =

n—o0
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16. For a € R, |a| > 1, let

1+V24---+n

(an+1)2  (an +2)2 (an + n)?
Then the possible value(s) of a is/are
(A) 8 (B) -6
()7 (D) =9
17. Let f:R — R be a function. We say that f has
Property 1: lim M exists and is finite;
h—0 |h
Property 2: lim fh) = J(0) exists and is finite.
h—0 h?
Which of the following options is/are correct?
(A) f(z) = z|x| has Property 2. (B) f(x) = sinx has Property 2.
(C) f(z) = |z| has Property 1. (D) f(x) = 2%/ has Property 1.

18. Let e denote the base of the natural logarithm. The value of the real number a for which the
right-hand limit

. (173:)1/””76_1

lim

z—0t x?

is equal to a nonzero real number is
19. Let f:(—1,1) > Rand g: (—1,1) = (—1,1) be defined by
flz) =122 — 1] + |2z + 1], g(x) =z — [z],

where [z] denotes the greatest integer less than or equal to z. Let fog:(—1,1) — R be the composite
function defined by (f o g)(x) = f(g(x)). Suppose ¢ is the number of points in (—1,1) at which fog
is not continuous, and d is the number of points in (—1,1) at which f o g is not differentiable. Then
c+d=

20. The value of the limit

y 44/2(sin 3z + sin x)
im
T—7/2 (2 sin 2z sin 37”3 + cos 579”) — (\/ﬁ + \/§cos 2x + cos 37"”)

is
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21. For any positive integer n, let S, : (0,00) — R be defined by

Sp(z) = Zn: cot™! (WW> 7
k=1

T

where cot™'z € (0,7) and tan"!x € (—;T, ;T) for € R. Which of the following statement(s) is (are)
true?
m 1+ 1122
A == —tan" | —— | for all .
(A) Sio(x) 5 tan < 10w ) orallz >0

(B) nh_)ngo cot(Sp(z)) =« for all x > 0.
(C) The equation S3(z) = % has a root in (0, 00).

(D) tan(Sp(z)) < = foralln > 1 and = > 0.

N =

22. Let f: {—;T, 721 — R be a continuous function such that f(0) =1 and f(t)dt = 0. Which of
0

the following statement(s) is (are) true?

(A) The equation f(x) — 3cos3z = 0 has at least one solution in <O, g)

6
(B) The equation f(z) — 3sin3z = —— has at least one solution in (0, 73T)
s

(C) lim zfo f(t)dt _ 1

z—0 1 — ex2

(D) lim sinz [y f(t)dt _ 1

z—0 2

1+ 3/t
23. Evaluate lim w.
2—3r/4 1 —2cos? x

24. (a) Evaluate lim tan™! ((12), where a € R.
z—0 x

. 2z 1z
(b) Plot the graph of f(z) = }% <7r tan t2)

25. Find the sum of an infinite geometric series whose first term is the limit of

tanx —sinx
f(x) = ——=—— asz—0,
sin® x

and whose common ratio is the limit of

1-Vz

g(ﬂ?):m as x — 1.

Use of series expansion or L’Hdopital’s rule is not allowed.

8 x2 22 x2 x2
26. Evaluate lim — |1 — — = — — —1.
valuate xli% e cos 5 cos 1 + cos > cos 1
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_ Lqe—1
27. Evaluate lim (In(1 +2) —In2)(3-4 - 37) .
21 [(7T 4 2)1/3 — (14 32)Y/2] sin(z — 1)

28. Let
—, x>0, T+3, z<l,
f(z) = {sinz glx) =<2 —22-2, 1<z<2,
2—z, <0,
T — b, T > 2.

Find the left-hand and right-hand limits of ¢g(f(x)) at z = 0, and hence find lin(l) g(f(x)).
T—

P
29. Let P, =a»1' —1forn=2,3,..., and let P, = a® — 1, where a € R*. Evaluate lir% LY
x—0 I

30. Evaluate lim (3x4 - 21‘2) sin(1/z) + ‘l’|3 + 5.

z=00 |z + |z]? + |z] + 1
31. If
Incosec(mx), 0<xz <1, 2f(@) 41
fla) = { reovectme) b )= o
Insin(2rz), 1<z<3, 31 +1

find tan=!(g(17)) and sec=!(g(1%)).

32. At the endpoints and the midpoint of a circular arc AB, tangent lines are drawn, and the points A
and B are joined with a chord. Prove that the ratio of the areas of the two triangles thus formed tends
to 4 as the arc AB decreases indefinitely.

r 1/z 1/z
33. Evaluate lim (1+x)] )

z—0 e

[ . T 5602(2:(17@)
34. Evaluate lim |sin ( )] .
z—0 | 2 —ax

35. Evaluate lim z%sin <ln1/cos ﬂ).
T—00 T
2

T a €T
Evaluate lim [COS (27? ( ) )} , where a € R.
T—00

36.
1+ 2

[=2]

37.

1/z 1/z Ve 1/z\ ¥
(al tay Faz + —l—an) , ai,ag, ...,a, > 0.

n

The source gives this expression without specifying a limit point.

38. Let f(z) = sin”'(1 — {x}) cos1(1 — {})

V2{z} (1= {z})
lim f(z) and lim f(x).

z—0t z—0—

, where {z} denotes the fractional part function. Find

T _ —x
39. Find the values of a, b, ¢ such that lim ae CO,S:U e 2.
z—0 xsinx
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1 2 2
40. Evaluate lim ot 2sin ar sin ™ , where a is an odd integer.
z—a (a? — 22)? azx 2 2

exp(zln (14 %)) —exp(xIn 1—1—%’
41. Evaluate lim [lim ( ( ) ( ( ))

y—>0 T—00 y

42. If s, is the sum of the first n terms of the series sinx + sin 2z + sin 3z + - - - 4+ sin nz, show that

1
lim S1t st +8”:§cotg, x # 2krm, k € Z.

n—00 n

1 1 1+ 1
43. Evaluate lim [n((—i—;v)) ——.
x—0 xX X

22 -1 331 48-1 n3-1 ,
44. LetPn:23+1-33+1-43+1---n3+1.Evaluatenh_{goPn.

45. A circular arc of radius 1 subtends an angle of = radians, 0 < x < E, as shown in the figure. The

point C' is the intersection of the two tangent lines at A and B. Let T'(z) be the area of triangle ABC,
and let S(z) be the area of the shaded region. Compute:

@Tas  B)S@: (ol )
B
. C
(0] 1 A
46. Evaluate:
(a) lim Ve ; (b) lm |\\o+ o+ Ve - \/E] .

T+ T+ x

n

47. If f(n,0) = H (1 — tan? ;), compute lim f(n,0).

r=1

2(tanz — sinx) — 23

48. Evaluate lim
x—0 :E5

49. Through a point A on a circle, a chord AP is drawn. On the tangent at A, a point T is taken such
that AT = AP. If TP produced meets the diameter through A at @), prove that the limiting value of
AQ, when P moves up to A, is double the diameter of the circle.

50. Find a and b in each case:

2+ 1

(i) lim [ —aa:—b}zo; (i) lim [\/xQ—a:—l—l—ax—b}:O.
z—oo | x4+ 1 T——00
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sin(m cos? x)

51. lim 5 equals
x—0 €T
(A) —m (B) m
T
(©) B} (D) 1
tanx __ asina:
52. Evaluate im ——  where a > 0.

z—0 tanx — sinx

(cosz — 1)(cosz — e)

is a finite nonzero number is
(A)1 (B) 2
(C)3 (D) 4

53. The integer n for which lim
z—0

sin(nz)[(a — n)nx — tan x|

54. If lim = 0, where n > 0, then a equals

z—0 22
(A) + (B) n? +1
n
n?+1
(C) (D) None of these
n

2 1
55. Find lim |=(n+1)cos™! () - n] .
n—oo | 71 n

1 — cos(az? 4 bz + ¢)

56. If a, 3 are the roots of ax? + bz 4+ ¢ = 0, then lim equals
T (;(; — a)Q
1
(4)0 (B) (o 5)?
a’ a®
(© %o 5)? (D) ~% (o~ )’

57. ABC is an isosceles triangle inscribed in a circle of radius r, with AB = AC'. Let h be the altitude
A
from A to BC, P the perimeter of ABC, and A its area. Then fllirr%) 3 equals
—

1 1
(4) 5 ®) Gar
(C) 1218r (D) None of these

58. If [z] denotes the greatest integer less than or equal to x, then

lim %([1333] + (23] + - - - + [n3x])

equals
(A) z/2 (B) z/3
(C) z/6 (D) z/4
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59. Let the functions f, g, h be defined as follows:

Fz) = {xsin(l/x), —1_§ r<1, z#0,
07 l’—O,

2?sin(l/z), —1<z<1, x#0,
oy = 1 &S
0, z =0,

Which of these functions are differentiable at z = 07

(A) f and g only (B) f and h only
(C) g and h only (D) None
60. lim Sy , where [ -] denotes the greatest integer function, is

/2 cog—1 [%(3 sin x — sin 393)]

2
A) = B) 1
(a) 2 (8)

4
(C) = (D) Does not exist

™

_ 03
61. The limiting value of f(ac)zzf (cos'x—ksmx) as T — = is
1 —sin2z 4
1
A) V2 B) —
(A) V2 ( )\?
C) 3v2 D) —
(C) 3v2 ( )ﬂ
2 2(p — 2(n — 2.

62. lim n+2(n—)+3n-2)+---+n"-1 equals

n—00 13+4+25433+-.-4n3

1 2
A) - B) 2
(A) 5 (B) 3

1 1
(©) 5 (D) ¢

1

63. For f(z) = lim

————5——, which of the following holds?
n—oo 1 4 nsin®(mx)

(A) The range of f is a singleton set. (B) f is continuous on R.

h(z) = |z}, —-1<z<1.

(C) f is discontinuous for all z € Z. (D) f is discontinuous for some z € R.

x — cos(sin"l ) |

64. milll}l\/i 1 — tan(sin™! ) .

1 1
(A) 7 (B) 5
(©) V2 (D) —v2
65. lim C‘Ot:( ” gjﬁ_i; V) quals

{77 )

(A) 1 (B) 0
(C) /2 (D) Does not exist
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2 T
66. Let f(x) = m. If Jim. f(z) =1and Ili}r_noof(m) = m, then
(A)l=m (B) l=2m
(C)20=m D)l+m=0

67. lim cos (7‘(‘\/ n? + n), where n is an integer,

n— o0
(A) Equals 1 (B) Equals —1
(C) Equals 0 (D) Does not exist

(sinx — tanx)? — (1 — cos 2z)* + 2°

68. li 1

Py 7(tan~! 2)7 + (sin~! 2)6 + 3sin® x edquals

1

A) O B) =
(A) OF

1
C) - D
© D)

. tan({x} — 1)sin{xz}
69. The value of lim {eY({z} = 1)

(A) 1 (B) tan1
(C) sinl (D) Does not exist
70. The value of Iir% (cos cwzt)cosec2 b7 is
T—
(A) e—8b*/a® (B) e—8a*/b?
(C) e—a?/(26%) (D) eb*/(20%)
242 in 2
71. lim + :U._'_ St .:U is
z—00 (2x + sin 2x)esn®
(A) 0 B)1
(C) -1 (D) Does not exist
72. Let 202}
tan“qx
2,2 w2 x>0,
fla) = 1, =0,

Viz}eot{z}, =<0,

where [z] is the step-up function and {z} is the fractional part function. Then

(A) lim f(x) =1 (B) lim f(x) =1

(C) cot™t (xl_i)rél_ f(x)>2 =1 (D) f is continuous at z = 1.
sin(622) B

M ncos@e? —a)

(A) 12 (B) —12

(C)6 (D) -6

10

, where {x} denotes the fractional part function, is



LIMITS Problem Sheet

—m/2
74. lim [:p v/ }, where [ -] denotes the greatest integer function, is
z—=w/2 [ COST
(A) -1 (B)0
(C) -2 (D) Does not exist
75. If
22 +2, x> 2, 2z, x> 1,
XT) = xTr) =
/(@) {1—3:, T < 2, 9(@) 3—x, x<1,

evaluate il—% flg(x)).

1-2z]+[2-32]+ -+ [n(n+1)z]

76. Evaluate Tllgrolo , where [-] denotes the greatest integer function.

77, If

r—1, x> 1, x+1, z >0,
x) = xT) = h(x) = |z|,
/(@) {23;2—2, x <1, 9(@) {—m2+1, z <0, (@) = Il

then lim f(g(h(x)) is
(A)1 (B)0
(C) -1 (D) Does not exist

3 3
78. lim (’37‘ — [m} >, where a > 0 and [z] is the greatest integer less than or equal to z, is

(A) @®+1 (B) a2 — 1
(C) a? (D) —a?

79. If a, B are the roots of ax? + bx + ¢ = 0, then lgn (14 az® + bz + )/ @) s
T—

(A) a(a = B) (B) Ina(a — B)|
(C) ea(a—p) (D) ealo—p]

. sin x . . .
80. hg%) [(1 —e” )]a:\]’ where [ -] represents the greatest integer function, is
(A) -1 (B) 1
(C)0 (D) Does not exist
81. lim log,; i 1

limloggy, /) sin e equals
(A)1 (B)O

1

(C) 4 D)

82. Ifl= mli_)nolo(sin VvV +1—siny/z) and m = Em [sin v + 1 —sin \/z], where [ -] denotes the greatest
x —0o0

integer function, then

(A)l=m=0 (B) I = 0; m is undefined.

(C) I, m both do not exist. (D) I =0, m # 0 (although m exists).

11
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83. Given a real-valued function

x>0,
fla) = 1, z =0,

Vi{z}ceot{z}, z<0,

where [z] is the integral part and {x} is the fractional part of z, then

(A) lim f(z) =1 (B) lim f(r) = cot1
(C) cot™! <mli>%l f(x)>2 =1 (D) f is continuous at x = 0.

84. The limit lim <["Sm9} + {”tane
6—0

]), where [z] is the greatest integer function and n € N, is

0 0
(A) 2n (B) 2n+1
(C)2n—1 (D) Does not exist
1— /

85. }Cl_r)% cos ::2 cos 2x equals
(A) 1/2 (B) —1/2
(C) 3/2 (D) 1
86. i ( ! + ! + ! + + ! > 1

. lim <o+ ———] equals

oo\ V2 TV r 1 Ve 12 RS TV

(A)1 (B) 1/2
(€)0 (D) 2
s7. glcl_f)% cos(sin il —cosT equals
(A) 1/5 (B) 1/6
(C) 1/4 (D) 1/2

ot ((Qx")l/ew _ (3x")1/6“>

88. lim , where n € N, equals
T—00 xn
(A) 0 (B) In(2/3)
(C) In(3/2) (D) None of these

89. Show that

n

) 1 n—1 n—2 1
nh_{gwﬁ(1;k+3;k+5;k+---+(2n_1).1> =5

_osin (1 = {a}) cosTH(1 - {x}) . , .
90. Let f(z) = N . Find mlirél+ f(z) and wlggl_ f(z), where {z} denotes the

fractional part of x.

12
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91. Let f(x) = lim { lim cos? (n'mu)}, where z € R. Prove that

m—oo (n—oo

1, =z is rational,
flz) = o
0, =« is irrational.

92. Evaluate

n—o0 n3

lim { lim [12(sin)?] + [22(sinz)?] + - - - + [n?(sinz)?] }

z—0t

where [ -] denotes the greatest integer function.

93. Consider the functions

f(@) = lim ( fﬁ) ga) = —a™,

where b = lingo(\/w2+:x—|—1— \/:U2—|—1).

(i) f )

(A) e (B) =12
(C) e (D) /2
(i) (!E)

(A) —a? (B) «?
(C) z* (D) —2*
(iii) The number of solutions of f(z) + g(x) =0 is

(A) 2 (B) 4
(€)0 (D) 1
94. For z > 0, iig(l]((sin )Y 4 (1/2)507) s

(A) 0 (B) -1
(€)1 (D) 2

1
95. Let f:(—1,1) — R be differentiable on (—1,1). It is given that f'(0) = lim nf(n> and f(0) = 0.

n—oo
Find

2 1
lim |=(1+n)cos™* <> — n} ,
n—oo | m n

1
given that |cos™! ()‘ < T
n 2
96. lim (1—tan%) (1 —sinx) i
e=r/2 (1+tan3) (7 — 2z)3
(A) 1/16 (B) —1/16
(C) 1/32 (D) —1/32
. log(z") — [z] ,
97. xll)rgo ﬁ, where n € N and [z] denotes the greatest integer less than or equal to z,
x
(A) Has value —1 (B) Has value 0
(C) Has value 1 (D) Does not exist

13
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98. If

where [z] denotes the greatest integer less than or equal to z, then lir% f(z) equals
T—

(A) 1 (B) 0

(C) -1 (D) lim f(z)=0

z—0t

99. The limit

1 8
1/2 4 o 1/2\ " 9(ax) /4
lim ali _ (az) — (V2)lsac
T—a /4t _ p1/4 234 ql/Ag1/2 £ g1 /25174 — g3/4
is
(A) a (B) a®/*
(C) a? (D) None of these
. log(2+ ) — 2 sinw

100. Let f(z) = Jim T 22 . Then
(A) f is continuous at x = 1.
(B) lim f(z) £ lm f(z)

x—1+ z—1-
C) i =sinl
(C) lim f(z)=sin
(D) lim f(z) does not exist.

z—1-
101. The value of lim cos = cos — - - cos — is

n—o00 2 4 on .
(4) 1 (B) =~
x

(C) S,x (D) None of these

inx

102. Let f be a continuous function on R such that

1 . s —n2 2
Then f(0) is
(A)1 (B) 1/2
(C) 0 (D) None of these

103. If il_rg(f(:n)g(x)) exists for functions f and g, then

(A) lim f(z) and lim g(x) exist.

(B) %132 f(x) exists, but ;}clg}z g(z) may not exist.

(C) %13}1 f(z) may not exist, but %gg g(z) exists.

(D) lim f(x) and lim g(x) may not exist.
r—a

T—ra

14
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1
104. lin% 28 {], where [z] is the greatest integer function, is
T—

23
(A) A nonzero real number (B) A rational number
(C) An integer (D) Zero
105. Let
tan x tan(x + h) tan(z + 2h)
A(x) = |tan(x + 2h) tan tan(z + h)

tan(x + h) tan(z + 2h) tan x
V3 A(n/3)

Flnd }ILIE&] T

106. Match the functions in Column I with the statements in Column II.

Column I Column II

(A) f(x) =xsgn(x — 1) (P) ilﬁ\Hﬁ f(z) does not exist.
in(sin(tan(z?

(B) f(z) = ° (Slo(gtjos(gx/Q)» (Q) ilg% f(z) does not exist.
V1+4tan 13z — v/1 —sin 13z . 1

(©) fle) = V1 —sin~122 — 1+ tan~1 22 (R) ilg%f(x) 9
1/x _ 1 .

D) f(z) = Zl/’”ﬁ (S) glgli%f(x) =-1

107. Statement 1. If a,b > 0 and [z] denotes the greatest integer less than or equal to z, then

.z [b} b
lim — |[—| =—.
=0t a LT a
Statement 2. li_>m @ =0, where {z} denotes the fractional part of x.
r—00 o

The source does not include response options for this statement pair.

a2 2 _ 2
108. Lot L= lim “ YO 2~ /4
z—0 X

(A)a=2 (B)a=1

, where @ > 0. If L is finite, then

1_
109. Evaluate lim 7\/5
z—1- (cos™1z)?

sin~! (\f — Veos™! 1:)
110. Evaluate i .
valuate lim i

tanz — sin{tan~!(tanz)}

111. Evaluate lim \/

z—7/2 tan z + cos?(tan )

L
112. Evaluate lim 2% = 2" —{zH{—=}
2—0 xcosx — x? — {x}{—=x}

, where { -} denotes the fractional part.
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In(x /1 2 _
113. Evaluate lim 2 + In( 3—1—1’ x)
z—0 xT

. 2 -1
114. If lim ) —axr —b) =2, find a and b.

z—o0 \

115. Find a,bif lim (\/x2—x+1—ax—b):0.

T——00

9 1/x
116. Find a polynomial f(z) of the least degree such that lir% <1 + gw> =%
T— x

2 1)" i
117. Evaluate lim lim tan(2”) + (@ + 1) Smx.

z—0 n—00 22+ (z+1)»
o3 — 8
118. Evaluate nh_)rgo H Ry

r=3

(1+ [2) /)

1/{z}
) , if it exists, where {z} denotes the fractional part of z.
e

119. Evaluate lim (

z—0

2z 4/sinz
120. lim A+ )" is
x—0 62
(A) et (B) e
(C) € (D) e™®

3
121. If lim — {4] = g, where [ -] denotes the greatest integer function and p, ¢ are relatively prime,
q

T—00
then p + q is
(A) 2 B)7
(©)5 (D) 6
. sinz . . .
122. lim , where [-] denotes the greatest integer function, is
z=7/2 cos—1 [%(3 sinz — sin 3:5)]
2
A) — B) 1
(4) = ()
4
(C) = (D) Does not exist

123. Let f be a continuous function on R such that

1 2 n?
f<4n> = (sine)e™" + T
Then f(0) =
(A) 1 (B)0
(© -1 ()
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124. Forn € N, let f,(x) = tan g(l +secx)(1 4 sec2x)(1l +secdx)--- (1 +sec(2"z)). Then lin% an(x)
r—r X
equals
(A) O (B) 2"
(C) on—1 (D) on+1
125. The value of lim/ 4(1 + [z])/n(tanz) " where [ -] denotes the greatest integer function, is
T—>T
(A)0 (B) 1
(C)e (D) 1/e
3n3+4

. n!\ wmi—1

126. lim () , where n € N, equals
n—oo \

(A) (1/e)%/ (B) ¥/t
(C) e (D) 0
127. If

f(z) = lim x (2 + [cos z] (\/n2+1 —\/n? —3n+1)>,

where [y] denotes the largest integer less than or equal to y, identify the correct statement(s).

. . 3
(A) lim f(z) =0 (B) zgglﬂf(w) =
(C) f(z) = s for all x € [0, W} (D) f(x) =0forall x € (W, 37r>

2 2 2° 2

128. The value of h_}m cos? (7r Vnd +n2 + Qn), where n € N, is

1 1
A) - B) =
OF ®)

1 1

Z D) =
© ! o)

T
129. Ifa,p € (—2,0> satisfy
(sina + sin f3) + ZEZ =0, (sina—i—sin,@)zzg =-1,
: 2n
and A= lim T Gsna)™
n—oo  (2sin )"

(A) a=—% (B) A =2
(Ca=—3 (D) A=1

—9l+a®—6a+9, z<2,
130. Letf(a:):{|x |+a"—6a+9, @

If lim[f(z)] exists, the possible value(s) of a is/are

5 — 21‘, x > 2. r—2
(where [ -] represents the greatest integer function)
5
(A) 2 (B) 5
7
(C) 3 D) 5
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r+3, —2<x<0,
131. Let f(z) = {4, x =0,
20 +5, O0<x<l1.
(i) lim f([z —tanz]), where [-] denotes the greatest integer function, is

z—0
(A) 2 (B) 4
(C)5 (D) None of these
(ii) mli%h f ({ ta:flx }), where { -} denotes the fractional part function, is
(A) 4 (B) 5
Cc)7 (D) None of these

| t (T —
132, 1 fim 0L (E —07) _ 1, then & =
z—0 tan ax ﬂ
133. If
im 2@ _g 9() =\,
z—0 sin“ x z—0 2cosx — xet + a3+ — 2

1
i 1/g(z) — =
and im})(l +2f(x)) o then A

134. If o, B are two distinct real roots of az® 4+ — 1 —a = 0, where a # —1, 0, neither of which is equal

to unity, and
3,2 _
lim (I+a)z® —2°—a _ al (ko ﬂ)’
a—1/a (el72 — 1)(x — 1) o

find Kl.

135. Find lim |MnGnz, {z})

z—at rz—1
function, and { - } represents the fractional part function.

, where «v is a root of sinz + 1 = x, [ -] represents the greatest integer

1— 3
136. Let f(z) = cos2x cos 4z cos 6z cos 8x cos 10x. Then lim M equals
z—0 Jsin“w

(A) 660 (B) 135
(C) 132 (D) 66
137. If

x

. ([sin_1 m} [22 sin~! 230] [32 sin~! 3z
lim + +
z—0 X €T x

then the value of n is

2 in—1
+...+[MD:1OO,

a2
138. Let f:R — (0,00) be such that f(x)+ ef(a:) < e®+¢e” for all z > 0. Then li_% f(z)is
(A)1 (B) 1/e
(C) e (D) 2e
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139. Let )
. PT o [1? —e % + 1 —1]
1 — A
nglc}o<n; r(r+1) >+ , @>0,
flx) =44 z =0,
{r’+r+e*—1}
JEEIOZ ) z<0

be differentiable on R. Here [y] and {y} denote the greatest integer and fractional part functions,
respectively.
(i) The value of p+ g+ A is

(A) =2 (B) 2

(€)1 (D)3

(i) The value off'(In2)+ f/ (111 ) f < ) + f'{In 25;) + - s
(A) 3 (B) 4

(C)6 (D) 2

(iii) If g is the inverse of f, then g < ) is

(A) In2 (B) —In?2

(©) 2 (D) 5

140. The possible value(s) of k for which

lim 223 — (tan~! )3 1
im i
w00 B3 cot™! |ka| + k220 sin(1/23) — ka3 2

is/are

(A)O (B) -1
(C) 2 (D) 4
141. Let

(& — cos (1 — {2}?)) (cos™!(1 — {a}))?
2({z} — (=) '

If f(07)=pand f(07) = gq, find PT Here {k} denotes the fractional part of k.
q

fz) =

142. If o, (a < B) are the roots of the equation

. 1| .. —1 V tx T
lim cos™ " |sin| tan =—,
t—00 Vie? =3tz +t—1—x 6

find 8 + 2% — af.

143. Let

f( — lim In \/ecos:v\/efﬂcosw\/e&:osac ..V e(@2n+l)cosx

n—o0

1
If g(x) = {Sf(:r)], find the number of points in [0, 27] where g(z) is discontinuous. Here [y] denotes the

greatest integer less than or equal to y.
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144. Let f(z) =sgn(x? —4x + 4+ k%), x € R. If f is discontinuous at exactly one point, then

tan "' k 4 cos !t k + cosec 1 (2k — 1) = %,
where m is a whole number. Find m.
145. 165, =3t —1[ 2r —1) } find
. = an n
= 4+7r2(r2—2r+1))
n
Jim ZZ(COt(ST—l) — cot(Sy)).
r—=
146. Let li L+ cn® L 1t ¢ < o < 3, where a, 3 are the roots of 2% — 2pz +p? — 1 = 0
. Let lim =—.lfc<a where a, § are the roots of x* — 2px —-1=
n=oo (2n + 3+ 2sinn)2 2 - ’ prTp ’

find the minimum integral value of p.

147. If
(I1—cos{l—tan(§ —2)}) (z+1)" + )\sin((n —Vn? — 8n)x)
f(@) = lim e #0
n—00 ?(x+1)"+x
is continuous at = 0, find f(0) + 2A.
148. If f:(0,00) = N and
2 +z+1 4o+ +2 922 +z + 3 n*z? +z +n
flz) = —— | nEN,
22 +1 222 + 1 322 +1 nr? +1
find
lim f(x) —3(” 5
(f (@) - a4

Here [y] denotes the greatest integer less than or equal to y.

sin x

149. lin}) min(y? — 4y + 11) , where [-] denotes the greatest integer function, is
T—

(A)5 (B) 6

C)7 (D) Does not exist

150. Let f:R — R be a positive increasing function with lim f(37) = 1. Then lim f(2) =
2 3

() ®)

(€)3 (D) 1
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Answer Key

Answers transcribed from the supplied key and matched to this sheet’s question numbers. The supplied
answers have not been independently verified. “—” and “Not supplied” mark missing answers; repeated
expressions are identified where an answer is reused.

Questions 1-40

No.  Answer No. Answer

1 9 21 A, B

2 B, D 22 A, B,C

3 0 23 —3

4 2 24 (a) 5 (b) fz) = |z
5 7 25 2

6 A 26 =

7 7 27 —21n(4/e)

8 B, C 28 -3

9 A'D 29 (Ina)™

10 2 30 -2

11 A, D 31 0,0

12 1 32 Proof question
13 D 33 /2

14 B,C,D 34 e @/

15 A B, C 35 % (as supplied)
16 A, D 36 e~2n’a’

17 C,D 37 Not supplied

18 1 38 RHL: 3; LHL: ;7
19 4 39 a=c=1,b=2
20 8 40  LHrd
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Answer Key

Questions 41-80
No.  Answer No.  Answer
41 a—>b 61 D
42 Proof question 62 A
43 Not supplied 63 C
44 2 64 B
45 (a), (b) = (c) 3 65 A
46 (a) 1; (b) 3 66 A
47 0/ tan 6 67 C
48 3 68 C
49 Proof question 69 D
50 (iYa=1, b=-1; 70 C

(i)a=-1,b=3
51 B 71 D
52 Ina 72 A, C
53 C 73 B
54 C 74 C
55 1-2 756
56 C 76 x/3
57 C 77 B
58 D 78 C
59 Crossed out in supplied key 79 C
60 A 80 A
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Answer Key
Questions 81-120
No.  Answer No. Answer
81 A 101 B
82 B 102 Not supplied
83 Not supplied 103 D
84 C 104 B,C,D
85 C 105 432
86 D 106 No matching answers supplied
87 B 107 A (response options absent)
88 B 108 A, C
89 Proof question 109 i
90  RHL: §; LHL: ;%5 110 5=
(same expression as Q38)
91 Proof question 111 1
92 3 112  Does not exist
93 (i) B; (ii) A; (iii) A 113 ¢
94 C 114  Not supplied
95 1— 2 (same limit as Q55) 115 a=-1,b=3
(same expression as Q50(ii))
96 C 116  f(x) = —22 + 27 (as written)
97 A 117  Does not exist
98 D 118 2
99 C 119 Does not exist; see note
100 B 120 B

Q107: The supplied key marks A, but neither source includes the option definitions. Q116: The polynomial is reproduced as

handwritten; the exponent on the final term should be confirmed. Q119: The answer file uses {x} in the numerator, whereas

the question source prints [z].
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Answer Key
Questions 121-150
No.  Answer No.  Answer
121 Not supplied 136 D
122 A (same expression as Q60) 137 4
123 Not supplied 138 C
124 C 139 (i) D; (ii) B; (iii) C
125 B 140 A,B,D
126 A 141 4
127 A, C, D 142 9
128 C 143 Not supplied
129 A,B 144  Not supplied
130 B,C,D 145 2
131 (i) B; (i) C 146 3
132 2 147 3
133 8 148 1
134 1 149 B
135 0 150 D

Q140: The corrected markings areread as A, B and D; C is crossed out.
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