


Let f: R — R be a function such that f(x+ y)= f(x)+ f(y) forallx, y € R,and
g :R — (0,) be a function such that g(x+ y)=g(x)g(y) forallx,y e R. If

f (_?3) =12 and g(_?l) = 2, then the value of ( f (%) +g(-2) —8) g(0)

is

Q.12 | Let R denote the set of all real numbers. Let f: R = R be a function such that f(x) > 0 for all
x€R,and f(x +y) = f(x)f(y) forall x,y € R.

Let the real numbers ay, ay, ..., @so be in an arithmetic progression. If f(az;) = 64f(azs), and

50
> fla =305 +1),
i=1
then the value of

is

Question 3

A real-valued function [ satisfies the relation

f)f(y) = f(2xy + 3) + 3f(x + y) — 3f(y) + 6y, for all real numbers x and

Then the value of f(8) is__



Iff(1)=1andf(n+1)=2f(n) + 1ifn>1, then f(n) is equal to
(A)2n+1 (B)2n (C*2n-1 (D)2~ -1

A function f : R — R satisfies the condition, x2 f(x) + f(1 — x) = 2x — x4. Then f(x) is:

(A) —x2 -1 (B*) — x2 + 1 (C)x2 - 1 (D)= x4 + 1

1 1
Let f(x) be a polynomial function satisfying the relation f(x). f (;] =f(x)+f [;) vV xe R-{0}and
f(3) =—-26. Determine f'(1).

Ans. -3
. : L . . 1) - 2(1-2x)
Determine a function f satisfying the functional relation f(x)+ f - = %)
- X X(1-x
Ans. x_+1
X -1

Letafunctionf:R—>R suchthatf(1)=2andf(x+y)=2f()+#f()Vx,ye R.If
f'@=kln 2, then find the value of k.

(a) Find a function f, other than a constant function, such that | f(y) —
) =y =xl

(b) Suppose that f(y) — f(x) < (y — x)? for all x and y. (Why does this
imply that | f(y) — f(x)| < (y—x)??) Prove that f is a constant function.
Hint: Divide the interval from x to y mto n equal pieces.

Prove that there do not exist functions f and g with either of the following
properties:

(1) f(x)+g(y)=xyforall x and y.
(1) f(x)-g(v)=x+yforall x and y.

Determine all functions f : R — R such that f(x) f(y) — f(xy) = x + yfor all x, y € R.
Letf, g : R — R be functions satisfying, for all real numbers x and y, the equality f(x + g(y))
=2xX + Yy + 5. Find an expression for g(x + f(y)).

Find all the functions g : R — R satisfying g(x + y) + g(x — y) = 2x* + 2y“ for all x and y.

Let a function f satisfy f(x + 1) = f(x) + x ¥ x € N, where f(1) = 0. Find f(3) and a formula for
f(x).

Let a polynomial function f(x?) = x> f(x) + x> = 1V x e R, where f(2) = 7. Find f(x).
Let a polynomial function f satisfy f(x) + f(1/x) = f(x) - f(1/x) V x € R — {0}. Prove that f(x) =
+x"+1, where n e W.

Let f satisfy f(n + 1) = (<1)™" n= 2f(n), n = 1. I f(1) = F(1001), find f(1) + f(2) + F(3) + ... +
f(1000).

Find all polynomials P(x) such that xP(x — 1) = (x — 15) P(x).



Find all polynomials P(x) such that P(x) P(x + 1) = PX).
Find all functions f : N — N such that

(a) f(2) = 2;

(b) f(mn) = f(m) f(n) for allm, nin N;

(c) f(m) < f(n) whenever m < n.

Find all functions f : R - R such that
(a) f(—x) = — f(x) for all real x;
(b) f(x + 1) = f(x) + 1, for all real x;
(c) f(1/x) = f(x)/x* for all x # 0.

Find all functions f : Q — Q such that f(x + y) + f(x — y) = 2f(x) + 2f(y), for all rational x, y.
Let f: [1, ) — [1, ) satisfy

(@) f(x) <2(1 + x) for all x € [1, «);

(b) x f(x + 1) = f(x)° = 1 for all x € [1, ).

Prove that f(x) < x + 1.



Let f : | — | satisfy the equations
(1) f(x*) = [f()]°
(2) f(x + 1) =f(x) + 1

Prove that f(x) = x for all integral x.

If a function f satisfies f(x + y) < f(x) + f(y) for all real x and y, and f(x) < x for all real x, find
f.

Prove that f(n) = 1 — n is the only integer valued function f defined on integers such that
() f(f(n)) =nforallne I, and
(i) ffn+2) +2)=nforallne |, and
(iii) f(0) = 1.

How many polynomials p(x) of degree at least one with integer coefficients satisfy 16 p(x2)
= (p(2x))2, for all real numbers x?

Suppose that f(x) is a function satisfying [f(m + n) — f(m)| < n/m for all positive rational
numbers m and n. Prove that, for all natural numbers k,

£ KRR - (2] < kik - 1)/2.

In each of the following cases, find all polynomials with real coefficients which satisfy the
equation.

(@) f(x? + x) = f(x) f(x + 1).
(b) f(g(x)) = f(x) g(x).

|
lm't l]w{\ l) 2x). l( ]\n ye Ran(lyt() If f{0) = 0, then show that 1) = 2)=0.
y y) )

fon amd €01y = A Then find the value of

. In the equation below fisa functlon from R to R. Find f:
(i) fix+y)-2f(x-y)+fix)-2fly)=y-2

(1) fix+y)+2fix-y)+fix)+2f{y)=4x+y

i) fix) fix +y) = fy)* fix - y)’e’

(iv) fix+y)+fix—y)-(y+2)fx)+y(x’-2y)=0

Suppose f: R — R i such that fixy) = xf{x) + yfty), forall x, y € R. Prove that f(x) =0 forait < &~

Prove that X
Suppose f: R = R is such that f{xf{z) + f{y)) = zf(x) +y, for all real numbers X, y, )
for all real x.



Find all pairs of functions f, g : R = R which satisfy
(a) gis an one-one function;

(b) flg(x)+y)=gx+f(y)), forallx,y e R.
Let f: R — Rsatisfy f(3)=1,Vxe R f(x+3)2f(x)+3,f(x+l)$t(x)+l.Put

g(x) = fix) — x + 1. Determine g(2008)

Prove that f(n) = 1 —n is the only integer valued function defined on the integers that satisfies the
following conditions.

(a) f(f(n)) = n, for all integers n;

(b) f(f(n + 2)+2) = n, for all integers n;

(c) f0)=1.

Problem

Let f : R — IR be continuous and satisfy

F(3z —2)=3f(z) -2

and

fle+y—1)= f(z) + f(y) - 1.
Find all f.

2. This problem asks the reader to fill in the details of the proof of Theorem
2.4, above. Let f : R — R be a continuous function satisfying Cauchy’s
equation. Suppose in addition that there exists some interval [¢, d] of real
numbers, where ¢ < d, such that f is bounded below on [¢, d].

a) Show that f(nz) =n f(x) for all real z.

b) Define p = d — ¢. Show that f is bounded below on the interval [0, p)|.
(However, it need not be bounded below by the same constant as on
the interval [e, d].)

¢) Define the function

f(p) 5.
[)

9(z) = f(z) -

Prove that g is also bounded below on the interval [0, p] and satisfies
Cauchy’s equation.

d) Show that g is periodic with period p in the sense that g(x+p) = g(x)
for all real 2. Conclude from this, and the fact that g is bounded below
on the interval [0, p| that ¢ is bounded below on the entire real line
(=00, +00).

e) Suppose that there exists some xg for which g(xzg) # 0. Prove a
contradiction, by showing that the sequence of values g(nxg), n =
+1,4+2, 43, ... is not bounded below.

f) Conclude that g(x) = 0 for all real z, and therefore that f(z) = ax
for all real z, where a = f(p)/p.



P2. State the domain, codomain, and any regularity hypothesis in each of the following problems, without
solving them.

(a) Find all f: N — N such that f(2) = 2,
f(mn) = f(m)f(n) whenever ged(m,n) =1,

and f(m) < f(n) whenever m < n.
(b) Find all continuous f : R — R such that

flz+y) = f(2)fly) Vz,yeR,

with f differentiable at = 1 and f/(1) = 2.
(c) Find all f: R\ {0,1} — R such that

f(z) +f(1 i x) = 21((11__2;))~

(d) Find all f: Z — Z with f(0) = f(1) = 0 satisfying

fl@+y) + fz—y) = f(=)f(y)

and
fl@—=y)f(x)f(y) = £(0)f(z)f(y)

for all integers z, y.

P3. Show that there is no function f: R, — R, such that

(z+y)f(f(@)y) = 2° f(f(2) + f(y))

for all z,y > 0.

P4. A student claims that
flz+1)=f(z)+1 VreR

together with f(1) = 1 forces f(z) = z. Find an explicit counterexample and identify the missing
hypothesis that would make the claim correct.

P5. Let f: R — R be a function such that for all z,y € R,

lf@+y) — fl@—y) -yl <y

Determine the exact form of f, identifying any constant.

P6. Let f: R — R be a continuous function satisfying

flz+f(y) =f(x)+y Vz,yeR.

Show that f is a bijection and find every such function.



PT.

Ps8.

P

P10.

Pil.

P12.

Let f: R — R be a function satisfying
f(z) =fQ-=)
and
flz+1)=f(z) +1
for all x € R. Show that there is no such function.
Suppose f : Ny — Ny satisfies
f(0)=0,  f(@2n)=f(n), f@2n+1)=f(n)+1
Compute f(13), writing 13 = 11015.
Find all f : N — N such that f(2) = 2,
f(mn) = f(m)f(n)
for all coprime m,n € N, and

f(m) < f(n) whenever m < n.

Let f: Ny — Np satisfy
f@2n) =f(f(n)),  f(2n+1)=f(2n)+1.

(a) Assuming f(0) = 0, determine f(n) for every n.
(b) Show that f(0) cannot equal 1.

(c) For which nonnegative integers k, if any, can f(0) = 2¥?
Let Ng ={0,1,2,...} and let f : Ny = Ny be a function such that

f(f(f(n))) <fln+1)  VneN,.
Prove that f(n) = n for all n € Ny.

Let f: R — R be a twice differentiable function such that

| z+y
5 | rwdt= s

-y

for all z € R and all y > 0. Show that there exist a,b € R such that

f(x)=az+b VzeR



P13.

P14.

P15.

Let f,g: R — R be continuous functions satisfying

flx+y) = f@)f(y) — 9(x)g(y)

and
9(z +y) =g(x)f(y) + f(x)g(y)
for all z,y € R, with f(0) # 0. Show that f(0) =1, g(0) = 0, and that

h(z) = f(x)* + g(x)*

satisfies
h(z +y) = h(z)h(y)  Vz,y € R.

Find every continuous f : R — R satisfying
flz+y) =fle)+fly) +2zy Vz,yeR.
Let f: R — R be a continuous function satisfying
f@)fy) =flz+y) +flz-y) Vz,yeR
Show that either f = 0, or there exist constants «, 3 € R such that
f(xz) = 2cosh(ax)

or

f(z) = 2cos(Bz).

P16. Let f: R — R be a continuous function satisfying

f(x) = f(etx) Vx e R, Vt > 0.

Show that f is constant.

P17. Let f: (0,00) — R be a continuous function satisfying

f(2z) = f(x) Vz > 0.

Define

gla) = :,,- @ dt  (z>0)

Show that ¢ is constant.



P18. Let f: R — R be a continuous function such that

flz+1) = f(x) Vz € R,

and let "
o0 = [ f@dz  (teR).
Define
o = Jim 20

whenever the limit exists. Show that h is defined for every ¢ € R and that h is constant in £.

P19. Let f: R — R be a continuous function such that

flz+1) = f(x) Vz € R,

and let =
an = [ f(t)dt (n>1)
Determine
. an
lim —
n—oo n

Find all continuous functions f: (—1,00) — (—1, 00) satisfying
flz+y+azy) = f(z)+ f(y) + f(@)fly) Vz,y>-1
Prove that there exists a unique function f : (0,00) — (0, 0c) such that

f(f(x)) =6z — f(z)  Vz>0.

Find all continuous functions f : R — R such that
fCz+3)=2f(z)+3
and

flety+3)=f(z)+ f(y)+3

for all real z, y.

8. Consider the real-valued function i : {0,1,2,...,100} — R such that
h(0) = 5, h(100) = 20 and satisfying h(i) = J(h(i + 1) + h(i — 1)), for
every i = 1,2,...,99. Then, the value of Ah(1) is:

o

(A) 515 (B) 5. (C) 6 (D) 6.15.



If f(x +y) = f(x) + f(y) — xy — 1 for all x, y, and f(1) = 1 then the number of solutions of f(n) =n, n
N, is

(a) one (b) two (c) four (d) none of these

Q.2 Solve the following problems from (a) to (e) on functional equation.
(a) The function f(x) defined on the real numbers has the property that f ( )1+ f(x )) =—f(x) forall

x in the domain of /. If the number 3 is in the domain and range of f, compute the value of f(3).

(b) Suppose f is a real function satisfying f(x + f(x)) =4 f(x) and /(1) = 4. Find the value of f(21).

(© Let '/ be a function defined from R* — R* . If [ f(xy)]*=x ( f(y))z for all positive numbers x and y and
f(2)= 6, find the value of /(50).

(d) Let f(x) be a function with two properties

) for any two real numberx andy, f(x+y)=x+/(y) and
(1) £f(0)=2.
Find the value of £(100).

(e) Let / be a function such that f(3) =1 and f/(3x) =x+ f(3x —3) for all x. Then find the value of f(300).

) 1 : 1 X T
Ina function 2f{(x)+ xf(—) - 2f[ ‘\/5 sm(n(x - ZDU = 400827 +x cos
X
Prove that 1) f2)+1f(1/2)=1 and (11) f(2) +f(1)=0

A function f, defined for all x,yeR is such that f(1)=2 ; f(2)=8
& f(x+y)—kxy=f(x)+2y?, wherek is some constant. Find f(x) & show that :

1
f(x+y) f(mj =k for x+y=#0.
Let ‘f”be areal vaiucd function defined for all real numbers x such that for some positive constant ‘a’ the
equation f(x+a)= % +yfe)—(f )" holds forall x . Prove that the function fis periodic .
If for all real values of u & v, 2 f(u) cosv = f(u +v) + f(u — v), prove that, for all real values of x

(1) f(x) + f(—x)=2acosx (i) f(m—x)+f(—x)=0
(111) f(m—x) +f(x) =—2bsinx . Deduce that f(x) =a cosx —b sinx, a, b are arbitrary constants.

If f(x + ay, x —ay ) = axy, then f (x,y) equals-

2 . ul 2 2

X" +Yy X~ =Y
A) ——— B) ————
() = B)

(C)x? (D)y?



Let fbe areal valued function such that

2002
f(x)+ Zf(T) =3x

forall x> 0. Find £ (2).
(A) 1000 (B)2000 (C) 3000 (D)4000

f(x)
Let fbe a function satistying f(xy) = T for all positive real numbers x and y. If /(30) =20, then the

value of /(40) 1s
(A)15 (B)20 (©) 40 (D) 60

Let f(x) and g (x) be functions which take integers as arguments. Let f(x+y)=/f(x)+g(y) +8 for
all integer x and y. Let f(x) =x for all negative integers x, and let g (8) = 17. The value of f(0) is
(A)17 ®)9 (©)25 D)-17

Consider a real-valued function f(x) satisfying 2 f(xy)
=(fE)Y+(fY)) V x,ye Randf(1)=awherea#1.Prove

that (a — 1) zn;f(i)=a"+l -a.

i=l

Iffix+y+ )= ({70 +FO)) mdf©)=1, VxyeR.
Determine f(n), n€ N.

A real-valued function f(x) satisfies the functional
equation f(x -y) =f(x) f(y) ~f(a—x) fla+y), where ais a
given constant and f(0) = 1. f(2a —x) is equal to .

a f(x) : b —f(x)

¢ f(=x) d f(a)+f(a—x)

TR OA VWAV WA MEAWLIW

If the function f satisfies the relation f(x + y) + f(x — y)

=2/(x) f(») V x,y € Rand f(0)#0, then
a. f(x) is an even function
b f(x)is an odd function
c. If f(2)=athen f(-2)=a
d If f(4)=bthen f(-4)=-b




Let f(x) + f(y) = f(x\/l—,v2 +yyV1-x%) (/(x) is not

identically zero). Then
a f(43-3x)+3f(x)=0
b f(4x*-3x)=3f(x)

¢ f(szl—x2)+z f(x)=0
d f(2x\/1—x2)=2f(x)

If £ R* = R" is a polynomial function satisfying the
functional equation f( f(x)) = 6x—f(x), then F(17)is equal
to

-~ nr - N

a. 17 b =51 ,
c. 4 d -34 i
c 4 a —34 .

Letf:R —s Rbe a function defined by f(x + 1) = ﬂx_)':z
f(x)-3
V x e R. Then whicn of the following statement(s) is/are
true
a. f(2008) = £(2004) - b. f(2006) = £(2010)
c. f(2006) =£(2002) 4. £(2006) = £(2018)

bt



Consnder the function f(x) satnsfymo the identity f(x)+ f (x 1)

=1+x,V xe R-{0,1} andg(x)=2/(x)-x+1.
4. The domain of y = \[g(x) is

a | —eo,— U} ],
2 | 2
( _ =]
b -w’l_Jg U(O, ])U 1+\[§,oo
\ 2 | 2 :
[~1-v5 | [-1+5
C. ’ 0ju ’l
2 | 2
d None of these
5. The range of y = g(x) is
a. (—oo,5] b [1,¢)
. (oo, 1JU[5,9) d None of these
6. The number of roots of the equation g(x) =11s
a 2 bl 5 do

Let f: N — R be a function satisfying the following conditions,

f()=1/2and f(1)+2,/2)+3, f@3) + -+ nf(m)=n(n+1),
f(n)forn22.

7. The value of f(1003) = —1- , where K equals g e

- a. 1003 n2003 ¢.2005  d 2006 |

o
8. The value of f(999) is T’ where K equals

a. 99 h 1000 c. 1998 d. 2000
9. 1(1), f(2), f(3), f(4), ... represents a series of
a an AP - b aGP

¢. aH.P. d An arithmetico-geometric



IF(f(0)) % f(ll—:;") =64x, Vxe D then

\10. f(x) is equal to

1/3 1/3
1-x
2/3 1+x b 1/3
& 4 (l—x) ol 1+x

13 /3
c. X3 I—_-J-c- d x(l+x)
1+x 1-x

11. The domain of f(x)is

a. [0,9) b R-{1}

¢. (—o0,00) ’ d None of these
12. The valueof f(9/7)is

a. 8(7/97° b 4(9/7)"

c. —8(9/7y" d None of these

Let f: R —.Ris a function satisfying f(2 —x) = f(2 + x) and
f(20 -x)= f(x),V x € R. For this function f, answer the
following.

25. If f(0)=5, then the minimum possible number of values of
x satisfying f(x)=35, forx € [0, 170], is
a. 21 _ b. 12°
c. 11 - d. 22
26. The graph of y = f(x) is not symmetrial about
a. symmetrical about x =2
b symmetrical aboutx =10
¢. symmetrical about x =8
d. None of these
27. If f(2) # f(6), then the
a. fundamental period of f(x)is 1
b. fundamental period of f(x) may be 1
c. period of f(x) cannot be 1
d. fundamental period of f(x)is 8



. fis a function defined as Zf(a+k)=1’6(2” —1) and f(x+y)=/(x).f(») and (1) = 2 then integral
k=1

f i

f:R—RAP+x+3)+2f(F~3x+5)=6x"~10x+17V
x € R, then the value of f(5) 1s

If f(x) is an odd function and f(1) = 3, and f(x + 2) = f(x)
+£(2), then the value of f(3) is '
Letf: R — R be a continuous onto function satisfying f{(x)

+f(-x)=0,VxeR. ;
If f(-3) =2 and f(5)=4in[-5, 5], then the minimum”
number of roots of the equation f(x) = 0is :

The function fis continuous and has the property f( f(x))
= 1 —x, then the value of f (%) +f (%) is
For the function f{x) satisfying 2.7 (sinx)+ f (cosx)=x,VxeR

a) Domain is [0,1] b) range is

c¢) Domain is [-1,1] d) range is

(27

[ 3
-
|2

b

L
’2

WY

| ———

]

Let p(x) be a quadratic polynomial with real coefficient such that for all real ‘x’ the relation

21+ p(x)) = p(x—1)+ p(x+1) holds of p(0) = 8 and p(2) = 32 then

Sum of all the coefficients of p(x) is
a) I5 b) 17 c) 19 . d) 21

If the range of p(x) in [m,e) then the value of m’ is
a) -5 b) —12 c) 15 d) -17

value of a

a)3 b) 0 c)2 d) 1

If ‘p’ and ‘¢’ are +ve integers, /is a function defined for +ve numbers and attains only
such that f(x. f(»))=x"»* then p*=

a) 29 b) ¢ ¢)3q d) 4g

Let fix) be 4 polynomial
SoMy) = fixy + Ny) +
)/Q2)=9

Mxy)-2 and f(4) = 65, then

b) /3J3)=27 ¢) £(5) = 126

ik L _ s
h positive degree satisfying the relation

+ve



If fix) is an even funciton and g(x) is an odd funciotn and satisfies the relation X/ (x )=-2f L P J =g(x)

then

a) f(x)=0,VxeR b) £2009) = 0
¢) f is constant function d) g(x) =0, VxeR
~vvwgC - a1 . e s s mAie e x 2
Let f:R—>R bea condnuouxfunction such that 1(¥)—2 f[ J f[-‘-J-x
Now answer the following
'L A3)=
a) 0) b) 4 + f0) ¢) 9+ A0) d) 16 + f0)
2. 11 . — x — fl0) = 0 have exactly
a) Z:q::::::):(X) 2 f(b) one solution ¢) two solution d) infinite solutions

— T TP e T T

If the periodic function flx) satisfies the equation f(x+ 1)+ S(x=1)=V3f(x) VxeR and the
of fix) is 4) then } =

l+x

o st ()12 12

l=-x

(where x #0,%1) and f{3)=28 then the value of *‘(z(f(")- l))

1



2. Let f: R — R be a function, where R is the set of real numbers. For each statement
below, write whether it is TRUE or FALSE.

a) If |f(z) — f(y)| < 39|z — y| for all 2,y then f must be continuous everywhere.

Answer:

b) If |f(z) — f(y)| < 39|z — y| for all 2,y then f must be differentiable everywhere.

Answer:

c) If | f(z) — f(y)| < 39|z — y|? for all z,y then f must be differentiable everywhere.

Answer:

d) If | f(z) — f(y)| < 39|z — y|? for all z,y then f must be constant.

Answer:

4. Suppose f(z) is a function from R to R such that f(f(z)) = f(z)?***3. Show that there
are infinitely many such functions, of which exactly four are polynomials. (Here R = the
set of real numbers.)

3. Let f be a function on nonnegative integers defined as follows

f(2n) = f(f(n)) and f(2n+1)= f(2n)+ 1.

(a) If f(0) =0, find f(n) for every n. [2 marks|
(b) Show that f(0) cannot equal 1. [4 marks|
(c) For what nonnegative integers k (if any) can f(0) equal 2*? (9 marks|

B2. [12 points] Let f be a function from natural numbers to natural numbers that satisfies

f(n)=n—-2 forn > 3000;
f(n)=f(f(n+5)) forn < 3000.

Show that f(2022) is uniquely decided and find its value.



B4. [12 points] The domain of f is the set of positive integers and f(zy) = f(x) + f(y) for
all z,y. Answer the independent questions below. (Data from (a) are not valid for the rest.)

(a) Suppose f(2025) = 0, f(20) = 10 and f(25) = 20. What is the smallest n for which f(n)
is not uniquely determined? Write values of f(x) for each positive integer = < n.

(b) Is there such a function f for which f(x) = 0 for all positive integers z < 2025%°%° but f
is not identically 07 Show how to define such f or show that it is not possible.

Q.3(a) A functionfis defined for all positive integers and satisfies {1)=2005 and f{1)+ f2)+ ... + fn) =n’*fn)
for all n> 1. Find the value of {2004).



