Rolle’s theorem

If a real-valued functionfis

1. continuous ona proper closed interval [a, 5],
2. differentiable on the open interval (a, b),

3. andf(a)=/(b),
Then there exists at least one ¢ in the open interval (a, b) such that /(c)=0

Or at least one root of the equation f(c)=0 will lie in (a, 5)

:f'.fi' xamiB } Let f (x) be a non-constant thrice
dlfferentléﬁfélfunctlon defined on (—oe, =) such that f
(x)=f(6-x) and f'(0)=0=f(2) =f(5). Determine the
minimum number of zeroes of g(x) = (f’(x))?
+f(x) f"(x) in the interval [0, 6].
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(Problem 28.] If " be continuous on [a, b] and
derivable on (a, b), then prove that

b-— = 3
fib) - f{a) - [-——55) {f'(a) + f'(b)} =--(b1 za) f"(d)

for some real number d between a and b.
Ify = f(x) is twice differentiable function such that f(a) =f(b)=0,and f(x) >0 V

c€ (a, b), then:

(a) f”(c) < 0 for somec € (a, b) (b) f"()>0Vce (a,b)

() f(c)=0 for somec € (a, b) (d) none of these

If f be a continuous function on [0, 1], differentiable in (0, 1) such that f(1) =0
then their exists some c € (0, 1) such that :

(@ cf)-fl)=0 b) f'e)+cflc)=0

(¢ f©—cf(c)=0 (d cf@+f)=0

If P(x) = (2013) x2012 _ (2012) 2011 _ 1§, ., 8, then P(x) = 0 for x € ‘:0 8%%] has :

(a) exactly one real root

(b) no real
(c) atleast one and at most two real roots o

(d) atleast two real roots



If f(x)is con-ti'nuous and differentiable In [-3,9] anci f'(x) e[-2,8]Vx €(-3,9). Let N be t
number of divisors of the greatest possible value of f(9) — f(-3), then find the sum of digits

AT

2. Let £:[0,8] — R be differentiable function such that £(0) = 0, f(4) = 1, f(8) =1, then
the following hold(s) good ?
1

(a) There exist some ¢; € (0, 8) where f'(¢; ) = Z

(b) There exist some ¢ € (0, 8) where f'(c) = 1_3
(c) There exist ¢;, ¢, €[0, 8] where 8f'(c; )f(éz) =]
8
(d) There exist some o, € (0, 2) such thatff(t)dt =3(a?f(a’)+B%F(B°))
' 0

If f(x) is a twice differentiable function such that f(a) = 0, f(b) =
2, f(c) = -1, f(d) =2 and f(e) =0, wherea < b < ¢ < d < e, then
the minimum number of zeros of g(x) = (f'(x))? + f"(x)f(x) in the
mterval [a, €] is ...... Answer 6.
17. If f:R— R is a differentiable function such that

ff(x)>2f(x)for allx e R, and f(0)=1 then (2017 Adv.)

(a) f(x) > €™ in (0, )

(b) f*(x) < €™ in (0, =)

(c) f(x) is increasing in (0, =)

(d) f(x) is decreasing in (0 =)

17. For a polynomial g(x) with real coefficients. let m, denote the number of distinct real roots of g(x).
Suppose S in the set of polynomials with real coefficients defined by
5= {(};2 — 1)2(210 +ax +ax + 83}{3) :ag, a1, a2, a3 € R}.
For a polynomial f. let f and {” denote its first and second order derivatives, respectively. Then the

minimum possible value of (Mg + my ). where f € S . is

Q4 For every twice differentiable function f: R — [-2, 2] with (f('[))}2 +(f ’(O))2 = 85, which of the following
statement(s) is (are) TRUE ?
(A) There existr, s € R, where r < s. such that f is one-one on the open interval (1. s)
(B) There exists Xy € (—4, 0) such that |[f '(xg)| =1
(C) limf(x)=1

xH

(D) There exist o € (—4. 4) such that f{e) + f"(¢)=0and £ () =0
Sol. A,B,D

Q.43 Letf: R — (0. 1) be a continuous function. Then. which of the following function(s) has(have) the value
zero at some point in the interval (0. 1) ?

[A] &F —;[f[f'}sintdt Bl < @)
0
/2 ;_I
[C] fx)+ .[f(r'}sinzdt [D] x— J f(t)cost dt
0 0

Sol. B.D



55. Let f. g: [-1, 2] — & be continuous functions which are twice differentiable on the interval (-1, 2). Let the

values of fand g at the points —1. 0 and 2 be as given in the following table:
x=-1| x=0 x=2
fx) 3 6 0
g(x) 0 1 -1
In each of the intervals (-1. 0) and (0. 2) the function (f — 3g)" never vanishes. Then the correct
statement(s) is(are)

(A) f'(x) — 3g'(x) = 0 has exactly three solutions in (-1. 0) w (0. 2)

(B) f'(x) — 3g’(x) = 0 has exactly one solution in (—1. 0)

(C) f'(x) — 3g'(x) = 0 has exactly one solution in (0. 2)

(D) f'(x) — 3g'(x) = 0 has exactly two solutions in (—1. 0) and exactly two solutions in (0. 2)

43, For every pair of continuous functions f7 g : [0, 1] — R such that max{ f(x) :x € [0. 1]} =max{g(x) :x
[0. 1]}. the correct statement(s) is(are)
(A) (,‘F(ns'j})2 +3f(c)= (;g;(c)}1 + 3g(c) for some ¢ € [0, 1]
(B) (:c})’P +f(c) = (g(c))* + 3g(c) for some ¢ = [0. 1]
() (c}) + 3f (c) (g(c)) + g(c) for some ¢ = [0, 1]
(D) (F (-::)) = (g{c}) for some ¢ € [0. 1]

{
Q.40 Iff: R — Ris a twice differentiable function such that f"(x) = 0 for all x € R, and f l%] == Afif1p=1,

then

[AlF(1)=0 [B] 0 < f’(])i%

[C]%{f'(llil [D] f'(1)>1
Sol. D

f (x) is differentiable function and g (x) is a double differentiable function such that | f (x) | < 1 and
f'(x) = g (x). ff2(0) +g%(0) = 9. Prove that there exists some c € (—3. 3) such that g (c) - g"(c)<0.
x“Inx,x >0

Letf(x) :I\O i Rolle’s theorem is applicable to fforx € [0, 1]. fa =
; X=

1
(A)-2 ®)-1 ©0 @) 5
Letf(x) =4x® — 3x* — 2x + 1, use Rolle's theorem to prove that there exist ¢, 0< ¢ <1 such that f{c) = 0.

Using LM.V.T. or otherwise prove that difference of square root of two consecutive natural numbers

1
eater than N2 is less than —
greater ess N

Let a, b, ¢ be three real number such that a < b < ¢, f (x) is continuous in [a, c] and differentiable
in (a, c). Also f' (x) is strictly increasing in (a, c). Prove that

c-b)f@+b-a)f()>(c-a)f()
Let a> 0 and f be continuous in [-a, a]. Suppose that /' (x) existsand /' (x) < 1 forallx € (—a, a). If
f(a)=aand f(—a)=—a, show that f (0) = 0.
f (x) and g (x) are differentiable functions for 0 <x < 2 such thatf(0)=5,g(0)=0.f(2)=8.g(2)=1.
Show that there exists a number c satisfying 0 <c <2 andf' (c) =3 g’ (c).

Let f defined on [0, 1] be a twice differentiable function such that. |f" (x) | < 1 forallx € [0, 1]
If £ (0) =£(1). then show that. |f' (x) | < 1forallx € [0, 1]

Let f(x) and g (x) be differentiable functions such that f' (x) g (x) # f(x) g' (x) for any real x. Show that
between any two real solutions of f (x) = 0, there is at least one real solution of g (x) = 0.

Let f be continuous on [a, b] and differentiable on (a, b). If f (a) = a and f (b) =b, show that there exist
distinct c,. c, in (a, b) such that f' (c,) +f'(c,) = 2.

Prove that if fis differentiable on [a, b] and if f (a) =f (b) = 0 then for any real & thereisanx € (a, b)
suchthat o f(x)+f' (x)=0.



Lagrange’s Mean Value Theorem (LMVT) or first mean value theorem.

If f(x) is a function, so that

1. f(x)1s continuous on the close interval [a, b] and also
2. differentiable on the open interval (a, b),

then there is point ¢ in (a, b) that is, a < ¢ < b such that

f(b) — f(a)
b—a

f'(c) =

Prove that the expression

flz+h)= f(x)+hf(z+6h) where 0 < # < 1
is an equivalent form of the mean-value theorem.
Find the value of @ in terms of = and i when f(z) = z°.

Intermediate value theorem

The intermediate value theorem states that if /1s a continuous function whose domain contains

the mterval [a, ], then it takes on any given value between fla) and f{5) at some point within the
interval.

Suppose that f (2) = 1 and f' () < 5 for all values of .

Determine a lower bound for f (—2).

Determine an upper bound for f (5).

Let f be continuous on the interval [0. 1] to R such that f (0) =f (1). Prove that there exists a pomt c in

(.1 | 1)
i0= E} suchﬁzalf(c)=fgl‘:+";;

functions and f(2) =8, g(2) =0, f{i4) = 10 and g(4) = 8, then
prove that g'(x) =4 f'(x) for atleast one xe (2,4)

o TR R e

—2x+3 and g(x) = x> - 7x? + 20x — 5 satisfy the conditions
of the Cauchy's Mean Value Theorem in the interval
[1, 4] and find the corresponding value of c.



(Example 7.] Letf: [0, ) — [0, ) be a continuous
and differentiable function. Then show that

(f(4)? + (f(2))* + £(2)f(4)

o= 2?(0)?(0)9
where c € (2, 4)

{Example 10 } Using Intermediate Valye Theqy
prove that there exists a number x such that h

1
200 _ = 200.
RESS 1+sin®x

Use Intermedlate Value Theorem to

'that the equatIOIl 2x3+X?-X+1=5haga solution
he interval [1, 2].

deﬁned from [0 1]to [0, 1] with range [0, 1]. Show that
is some 'c'in [0, 1] such that f (c) = 1 —c.

Giventhata>b>¢> 4 then prove

at the equation (X =) (X =€) +2(x ~b) (x - d) = 0 wi]]
ve two real and distinct roots.

35. Ifthe function f: [0,4] — R is differentiable then show tha

() Fora,b e (0,4), (4) - (0))* = 8f"(a) fib)
For the function

1
f(x) =x cos = xak (2009)

(@) foratleast onexin the interval [1, 0 ), f(x +2)—f(x)<2
®) lim f'(x)=1
. X—»00
(c) forallxintheinterval [1,00),f(x+2)—f(x)>2
(d) f'(x)isstrictly decreasing in the interval [1, o0 )



22. In[0,1] Lagranges Mean Value theorem is NOT applicable

to (2003S)

5 | 1

: -2-~—x x<:-2-
(@) f(Jvc)=<1 5
1 ;

k(z") i
() J(x}=4 x.° pel

L ]-: .x=0

©) f(x)= x|x|
@ f(x)= |x|

Then, the quadratic equation ax®+ bx+ ¢ =0 has

(a) no root in (0,2) (b) atleast one root in (1,2)
(c) a double root in (0, 2)  (d) two imaginary roots

8. Let a,b,cbe non-zero real numbers such that

1
.[n (1 + cos® ¥)(ax® + bx + o)dx

= _[02(1 + cos® x)(ax® + bx+ c)dx

6. If a + b+ ¢ =0, then the quadratic equation
3ax® + 2bx + c=0has
(a) at least one root in (0, 1)
(b) one root in (2, 3) and the other in (-2, —1)
(c) imaginary roots
(d) None of the above
5. Let a,b,c be real numbers, a=0. If o is a root of

a®?® + bx+c=0, B is the root of a®® - bx—c=0 and
0 <o <, then the equation a®® + 2bx + 2¢=0has a root
v that always satisfies

@y=21P ®) y=o+
) y=a dDo<y<p
6. If b > a, then the equation (x —a) (x— b) -1 =0has
(a) both roots in (a, b) (2000, 1M)

(b) both roots in ( — o0, a)
(c) both roots in (b, + )
(d) one root in (—oo,a) and the other in (b, )



Cauchy’s Mean Value Theorem or extended mean value theorem

if the functions fand g are both continuous on the closed interval [a,b] and differentiable on the
open interval (a, b), then there exists some ¢ in the open interval (a, ) , such that

(f(b) — f(a))d (c) = (9(b) — 9(a)) f(c).
Geometrical meaning of Cauchy's theorem

if g(a) # g(b) and ¢'(c) # 0, this is equivalent to:
F(0)  £b) - f(a)
gc)  g(b)—g(a)

Bolzano's theorem

If a continuous function has values of opposite sign nside an interval, then it has at least
one root in that interval.

Let f(x) be a continuous function defined in an interval [a,b].

Then, if f(a)-f(b)<0 (therefore, f(a) <0 and f(b) > 0 or f(a) >0 and f(b) <0), there exists at least a
point ¢ inside the interval (a,b) such that f(c)=0.



